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Abstract. The purpose of this talk is to review a few issues concerning noncommuta- 
tivity arising from String Theory. In particular, it is shown how in Type IIB Theory, 
the annihilation of a D3 — D3 brane pair yields a string. This object, in the 
presence of a large B— field and fermions, happens to be a complex noncommutative 
soliton endowed with superconductivity. 



INTRODUCTION 

O ■ Type IIB Superstring Theory allows two interesting ingredients: stable-BPS RR- 

^ I charged Dp-branes {p odd) and a massless antisymmetric 3^,^ field. Although a 

D3 — D3 brane system is stable; a D3 — D3 case is not, due to the presence of a 
tachyon in its spectrum [1]. The job of the 5-field in the low energy limit is to 
r-| ! introduce noncommutativity [2]. In the D3 — D3 brane configuration, we may turn 

on a large 5-field along two worldvolume spatial coordinates. The effect of this 
is that the complex tachyon allows a GMS soliton [3]. This object appears to be 
superconducting in the presence of fermions arising from the open string sector [4] . 
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5-FIELDS AND NONCOMMUTATIVITY 

Consider an open string attached to a Z^-brane. The OPE has the form 

However, the introduction of a large S-field alters this to 
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X e^('^i+^2)-^ + ■ ■ • , (2) 
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where C^" = ( g_|_27ra'B ^ g-27ra'B j effective metric seen by tlie open string 

modes, and Q^'^ = — (27r«') ( +2na'B ^ -2na'B ) noncommutativity pa- 

rameter matrix [3]. Likewise, tfie new term in brackets is known -in configuration 
space- as tfie Moyal * product. Tfius, in tfie low energy effective tfieory, fields get 
*-multiplied. 



NONCOMMUTATIVE SOLITONS 

The idea of GMS solitons was cleverly used in [5] to construct real solutions to 
the tachyon in bosonic £)-branes. In this work, complex tachyons in RR D-brane 
pairs are considered instead. For a D3 — D3 brane pair in the presence of a large 
S-field along the x — y plane, the action of the tachyon is 



^(S3+i) ^ f dxdydzdt lot'T * D^T - K (t, t)\ , (3) 



where [x/y] = i9, and z and t are commutative coordinates. Also, D^T — d^T — 
iAn *T + iA/j, * T, where and A^ are the respective gauge fields in each of the 
L>-brane's Chan-Paton U (1) symmetry groups. 
We make three assumptions: 



The potential is a polynomial 

k=l 



k 

V,(T,T)^Y.^k{T*T) . (4) 



• The gauge field i?^ = — has the form: 

R^^R^{z,t). (5) 

• We'll focus on solutions of the form: 

T^T{x,y),T^T{x,y). (6) 

Eventually, it is shown that the solution is 

T = t^To, T = t*To, (7) 

where and solve the equations of motion in the commutative case, while Tq, Tq 
satisfy 

(%*Toy = Th*To. (8) 



Since [x, y] — iO is analogous to [q, p] = i in quantum mechanics, we identify 
To <-> i |0) (0| and To ^ ~^ |0) (0| in the Simple Harmonic Oscillator basis. 

Applying the Weyl-Wigner-Moyal correspondence yields the following lowest en- 
ergy solitonic solution: 

T {x, y) = 2iUe-''^ ,T{x,y)^ -2^6"''' , (9) 

where r"^ = x"^ + y^ [4] . 

THE NONCOMMUTATIVE SUPERCONDUCTING 

STRING 

Given a (3 + 1) Dirac spinor "if, with two-component entries ipR and ipL obeying 
^ • f4^r = i^R and a • pipL — —i^L, the action for the spinor coupled to the complex 
soliton has the form: 

^(S3+i) ^ f dtdzdxdy \f (t) *^ * g (T) f ^] , (10) 

where / and g are polynomials, and — 7'^ {d^^ — iR^ * ^) . 
In terms of operators, we may express our spinors as [6]: 

i^L,R{xn= E ^^;;nM\m){n\. (11) 

m,n>0 

In order to find the effective theory along the string (the z, t coordinates,) we 
make two assumptions: 

• 6 — > 00, which means that the noncommutative kinetic part is negligible. 

• t/j — > t/j^ (as in Witten's superconducting string [7]). 
Therefore, the action for the Noncommutative D-string is 

^(Si+i) ^ -2mef iU) g{t,) [ [#(7«L>„V'^ - V^^'mV'-^l , (12) 
where -0^ denotes -000 (H); ^ is a "mass" matrix (m {z,t) — a°'Ra)^. 

SUPERCONDUCTIVITY 

In the massless case (after rescaling the action and getting rid of the unnecessary 
L subscript) 



a = z,t and a 



x,y. 



^(^3+1) ^ ^ ^^^^ (i^a^Daif) . (13) 

According to the bosonization technique [7], in two dimensions we can equiva- 
lently describe the theory by either bosons or fermions. 
This is done by introducing a scalar field C, [z, t) such that 

^(j'^^ = -^e'^^dbC. (14) 



It can be shown that the kinetic term corresponds to 



Z^a'^Da^ = \ {daO (a\) - -^RaS'-'d.Q, (15) 

which is associated to a conserved current 

ja ^ ga^ ^ -^S^^R,,. (16) 

However, this current may be expressed in terms of another scalar: 

r = e'^'^dbip. (17) 

Thus, db(p = —SbaJ"' and 

d'dbifi = -d'sba f^^C + -^e'^'Rb] = -^d^Rb. (18) 

This means that from da(p — —SacJ'^, we get that —eacd°'J'^ — —^d°-Ra. In other 
words, for (the current along the string): 

dJ^{z,t) 1 dRo{z,t) 



dt dz 
which has the following solution: 

1 



(19) 



J3 (z, i) = ^ [i?o (^, t) - Ro {z, n)] . (20) 

This means that the current is nondecaying as long as the gauge fields has dif- 
ferent values when it's turn on {t — Tj) and turn off {t — t). 
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